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ON THE DISTRIBUTION OF THE SUM OF
INDEPENDENT DOUBLY TRUNCATED GAMMA VARIABLESl

By
D. Earl Lavender

George C. Marshall Space Flight Center
Huntsville, Alabama

ABSTRACT

The density and distribution functions of the sum of
N 1independent doubly truncated Gamma variables is derived
for the case where the parameter o is one and N 1is any
positive integer and for the cases where N =2 or N = 3
and of 1is any positive integer.

Tables of critical values for these distributions are
given as functions of the truncation points, and a compari-
son is made between these critical values and the estimated
critical values given by Pearson's [‘31 and Bz tables.

lThe research reported in this paper was submitted as a
Ph.D. dissertation directed by Dr. A. C. Cohen at the
University of Georgia, Athens, Georgia. This research was
performed under NASA Contract NAS8-11175 with the Aerospace
Environment Office, Aero-Astrodynamics Laboratory, Marshall
Space Flight Center, Huntsville, Alabama.



FOREWORD

This report presents results of an investigation performed by the
Department of Statistics, University of Georgia, Athens, Georgia, as a
part of NASA Contract NAS8-11175 with the Aerospace Enviromment Office,
Aero-Astrodynamics Laboratory, NASA-George C. Marshall Space Flight
Center, Huntsville, Alabama. This research was performed by Mr. D.
Earl Lavender under the supervision of Dr. A. C. Cohen, Jr., the con-
tract principal investigator, and was submitted in August 1966, as a
PH.D. dissertation, in Mathematics. The NASA contract monitors are
Mr. 0. E. Smith and Mr. L. W. Falls,
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ON THE DISTRIBUTION OF THE SUM OF
INDEPENDENT DOUBLY TRUNCATED GAMMA VARIABLES

SUMMARY

When performing tests of hypotheses, the experimenter
usually assumes that the possible range of the measurements
applied to his observations is unlimited. Actually this is
seldom the case due to physical limitations of measuring
devices, or physical restrictions on the elements of a
population.

To make allowance for these restrictions, we may assume
sampling from a population with a truncated distribution.

In many cases, the test statistic used in a test of
hypothesis is some function of the sum of the measurements
obtained in a random sample.

The probability density function for the sum of N
independent variables, each having a Gamma density function
with parameter o 1is known to be a Gamma density function
with parameter ne, Cramer [11]. This, however, is not the
case if each of the variables has a truncated Gamma density
function.

In this paper, the density and distribution functions
of the sum of n independent variables, each having a
truncated Gamma density function, is derived for the case
where the parameter o is one and n is any positive
integer and for the cases where n =2 or n =3 and «
is any positive integer.



I. INTRODUCTION

The Gamma distribution serves as a model for describing
many of the random variables which concern aerospace scien-
tists. In particular, wind velocities and measurements of
various physical characteristics of space vehicle components
conform to this distribution.

Quite often, restrictions which apply to the observation
of sample data from these distributions, in effect produce
a truncation which must be taken into account in estimating
parameters and in testing hypotheses based on such samples.

Estimation in the truncated Gamma distribution and in
special cases of the Gamma distribution has been dealt with
by various authors including Cohen [4, 5, 6, 7, 8, 9, 10],
Des Raj [16], Iyer [13], Epstein [12], and Sarhan and
Greenberg [17].

Aggarwal and Guttman [1, 2], and Williams [18] have
examined the loss of power when using tests based on the
assumption that the variable being sampled has a complete
normal distribution when, in fact, the distribution was a
truncated normal distribution.

In this paper we are concerned with hypothesis testing
and in particular with the distribution of sums of sample
observations from a doubly truncated Gamma distribution.

The distribution of the sum of N independent Gamma
variables with parameter o is known to be a Gamma distri-
bution with parameter Na&, Cramer [11)]). However, if the
variables have a truncated, rather than a complete, Gamma
distribution this is not the case.

In this paper the distribution of the sum of independent
doubly truncated Gamma variables is derived for the case
where the parameter is one and the sample is of any size N,
and for the cases where the sample is of size N =2 or
N = 3 and the parameter o 1is any positive integer.

Tables of critical values for these distributions are
given as functions of the truncation points, a and b,
which were selected so that approximatly 1%, 2%, 3%, and 4%
was truncated from the left and right tails respectively.

Tables of the mean AL, the standard derivation g~ , and




Pearson's A3 and 132 values, Kendall [14], are also
given for selécted valueés of N and &

When the estimated critical values given by A and
8 tables, Beyer [3], were compared with the actual
critical values for the distributions which are derived in
this paper, the agreement was found to be quite close.
After rounding to one decimal place, none differed by more
than one-tenth.

Hence for larger values of N it is felt that the

estimated critical values given by /A ; and Bz can be
used confidently.

II. DENSITY AND DISTRIBUTION FUNCTIONS

The distribution function and density function of the
Gamma distribution are defined by

X
2.1 G(x;¥%) =F](“-°D- f td_le_tdt where o > 0, and
(o}

2.2 g(x;¥) =G (x;x) =F%Y"d-le_x’ 0 < x <ob,

[~/
respectively, where M (p) =‘£ xP~le™*ax .

More generally the Gamma distribution is sometimes
defined by

X

G(x;« ,B) =—Tl— S K-1-t/B 4¢, However, if we make
B N&) Jo

the substitution =z = x/f , then G(z;o) is as defined

by 2.1.

Tables for the Gamma distribution function as defined
by 2.1 have been provided by Pearson [15].

When the distribution is truncated on the left at a
and on the right at b, the density function and distribu-
tion functions are defined by

. _ 1 k-1 -—-x
2.3 fT(x,e()- —,.,—GD-X e”, a<{x<b and

0 otherwise



. _ 1 a-1 -t
2.4 FT(x,o() = TP it e dt, where

-X

I=l—171ﬂ-ixq_le dx = G(b; o) - G(a; ).

We will now consider some special cases of the Gamma
distribution.

The density function for the Pearson Type III distribu-
tion is defined by

2 X-u
2.5 g0 = S [1+ MG ! e 2R3 CF) | u - Zxcen,

2 2
where c¢ = (—32)4A“3 -1 e-4/q3 [rk—é)]-l.
o3 3
If we make the substitution o = —% and
A3
1

z=o((3‘o_‘_§+ 1), then g(z)=rz;10-z°“ e %, 0< z<o0.

The density function for the Chi-Square distribution is
defined by

2.6 g(X) —17?——(}{) e ,I‘>0,O<X2<oo‘.

2
If we make the substitutions =z =x—2 and o =

then g(z)=,_'(L (-1 T2 0< z<e0.

The density function for the standard normal distribution
is defined by

2
1 - 2
2.7 f(y)=———ey/,—w<y<ao.
VT
2
If we make the substitutlons X = -§ and x = X§ ;
then 2.2 becomes g(y) = 1 e Y /2 —o0l y < a0 .
VZw




For the case o =1 we have g(x; 1) =e ¥, 0 < x <oo.
This distribution is known as the exponential distribution
and is usually defined by
2.8 f(x)—%ex/g, 0<x<ed, 0 >0

III. THE EXPONENTIAL CASE

Suppose we wish to purchase electron tubes for an
electronic system. We want tubes which will last an average
of at least A hours. A manufacturer claims that his
tubes will meet this specification. To test his claim we
install n tubes furnished by the manufacturer and observe
their life spans. We wish to test the null hypothesis
HO: naL= nL% against the alternative hypothesis
Ha: n & nub with a probability of Type I error of size

.05. To perform this test we assume that the lifetime of the
electron tubes obeys an exponential distribution given by

f(x) = 1 e_xAuo, 0 < x <ob. We make the substitution

“_
(o}
z =% which gives f£(z) = e ? and choose as a test
Uo n
statistic t = & z; - To determine the critical region
i=1
for the test we find z, such that G(zo; n) = .05 since

the sum of n independent =z variables will have a Gamma
distribution with parameter n. We would then reject HO
if t < z
(o)
For this test, however, we are assuming that the life-
time of the tubes lies between O and infinity hours. It
would seem more realistic to assume the lifetime of the
tubes lies in some finite interval from ay to b1 hours.
Then the distribution would be given by

fT(x) = T%r e-XﬁLo’ a; < x < b, and after the substitution
(o) e—Z al b]_
by fT(Z) ={—t > a<x<b where a =-E~;, b =4_$_0, and
0 otherwise

I = j? fT(z) dz. Now in order to determine the critical
a



region for the test we must find 2z, such that F,_(z ; n) =
.05 where FT(z; n) is the distribution function for
the sum of n~ independent variables each having the trun-
cated exponential distribution given by fT(z) above.

It is this distribution function which we derive in
this chapter.

The characteristic function of a random variable x
with probability density function £ 1is defined by

a0
W (t) = j eich f(x) dx.
=00
We note that
@0 a0
3.1 W +1i) = J'ei(t+i“)xf(x) dx = j-eitx[e_“xf(x)] dx.
- o0 =~

Hence, if W (t) is the characteristic function of f(x),
then W (t + i) is the characteristic function of
o X

e f(x).
For the rectangular distribution, defined by
3.2 f(x) = = a<x<b
. Y ,

0 otherwise

the characteristic function is
eitb - eita
3.3 W (t) = 1B5=a) It

It is a well known fact that the characteristic function
of the distribution for the sum of n independent variables,
each having the same characteristic function @), is
given by [@(t)]®. Kendall [14].

Hence the characteristic function of the distribution of
the sum of n independent variables, each having the density
function 3.2 is given by




itb itayn
e - )

3.4 W (1) =<
(b-a) (it)"

If x 1is a truncated exponential variables, then the
density function for x is defined by

3.5 £ (x) =|l—Y2—_ ¥ a< x < b.
-a _-b
T e —-e
0 otherwise

The characteristic function of x is defined by

3.6 WL (t) = _al — Sb Jitx —x
e - a
1 x(it - 1), _ et - 1)b_ (it -1)a
-a -Db € dx = —% .
e -€ a (e 2-e"P) (it - 1)

Hence the characteristic function for the sum of n
independent truncated eXponential variables is given by

(it - b__(it - a

3.7 @ (t) = <€ 5 )"
(e™@-e ™™t - 1T

If S is the sum of 1n independent variables, each
with density function 3.2, then

[S - na - k(b - a)]n—l
(n - 1)°

_ m
3.8 g(8) = (b - a) Nz DX

for na + m(b - a) < S< na+ (m+ 1)(b - a) and
m=0,1,"--, n- 1. Cramer [11].

Since it - 1 = i(t + i) we have by 3.1 that S, the
sum of n independent truncated exponential variables,
each having density function 3.3, is defined by

(b - a)”
(e—a_e-b)n

3.9 £.(S) = g(s) e”S =

1
(e—a_e—b)n k

m k,n, [s - na - k(b - a)]n‘1 -s
;0 ('1) (k) (n — 1): €




for na +m(b - a) < S< na + (m+ 1)(b - a), and
m=0,1,",n-1.

If FT is the distribution function for S, then to

find FT(x) we must first find m, such that

na + mo(b ~a) < Xx < na + (mO + 1)(b - a). This inequality

X - na
reduces to m, < <+ a2 < mo + 1.

Hence we choose m as the largest integer less than

X - na

or equal to < =" Now we must integrate fT(s) for m = o

from na tona + (b -~ a), for m = 1 from na + (b - a) to

na + 2(b - a), and finally for m = my, from na + mo(b - a)

to x. Since fT(s) is a sum of m  + 1 terms, the first

term, that for Kk = o, will occur in all segments, and hence
must be integrated from na to x. The second term occurs
from k =1 to k = mg, and hence must be integrated from
na + (b - a) to x. Finally the last term occurs for k = m,
only, and hence must be integrated from na + mo(b - a) to
X.

Hence the distribution function FT is defined by

m 1
1 o kK . n [s-na—k(b—a)f*.s
3.10 F.(x) = L (-1)" (k) ; e ds.
T (e-a —b)n k=o fa+k (b-a) (n-1)!

If we let y =S - na - k(b - a) this becomes

e~ 02 o K K(boa) 1 Xpra-k(b-2)
_ -k (b- -1 -
3.11 FT(X)—(—e:a—_;-:b—)?l- kéo(Tl) (E)e _(HT Jo yn e ydy.

ena . g~ha 1
Now let ag = =
(e-a)n(e—a —b)n (l_ea—b)n

and for k= 1,2, *,m , let a_ = (—1)k(ﬁ)[ea-b]kao.

Next let z, = X - na - k(b - a) for k =0,:---,m




Then
3.12 ) = %

' Fp(x) = x&
by 2.1.

ay G(zk; n) where G(x;n) is defined

Below we compare the graphs for the distribution of the
sum of 5 independent truncated exponential variables with
truncation at a = 1 and b = 3 with the Gamma distribution
with parameter = 5 which would be the distribution for
the sum of 5 independent untruncated exponential variables.
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Now, returning to the example at the beginning of the
chapter, suppose we have a = .11, b = .91 and n = 5. From
table I we find F(1.47; 5) = .05 and hence the critical
region is given by t < 1-47.

If we had conducted the test assuming a complete dis-
tribution, when in fact it was truncated as above, the
critical region would have been t < 1-97 and the size of
the critical region would have been .25 = F(1-97; 5).

IV. THE DISTRIBUTION FOR N = 2

A manufacturer of electronic equipment receives a
shipment of parts for an electronic component. Since the
weight of the component must not exceed a specific maximum
weight, he wishes to test whether the mean weight of the
parts exceed a specific weight k. From past experience it
is known that the weights of these parts obeys a gamma

distribution given by g (x; o(o) - 1 . Xdo - 1e—x/5’
M )8

where 0(0 is known.

The mean of a complete Gamma distribution isﬂ‘*n .
and the maximum likelihood estimate for B o, is L x1/n.
i=1

For a sample of size n we wish to test the null
hypothesis H_: n cho = nk against the alternative

hypothesis, Ha: n 3440 > nk. As a test statistic we would

use t = X x.,. HowevVer, to uase available tables we first
i=1

make the substitution z, =q§3)%_ and use as a test

n n
statistic t = X z. since the distribution of >z,

i=1 i=1
will be a Gamma distribution with parameter ne . To
determine the critical region we therefore would need z,
such that G(zo; nQB) = .95 if we wished to have a critical

region of size .05. We would then reject H0 if t > z,-

This test, however, is conducted assuming that the
weights of the parts obeys a complete Gamma distribution

with parameters o o and B =K | when it would seem more
oo

realistic to assume that the weights of the parts fell in

10




some finite interval a, to bl’ and hence obeyed a trun-
cated Gamma distribution which, after the substitution
z =?%g X, would be given by
1 do-1 _;
fT(z;O(o)=I—FTq—o)-z e ", a<z<b where
a=°(°kal, b=°(0:1, and 1=,,,7‘1,(—Oy it% e -t dt

Now in order to determine a critical region of size
.05, we would need to find z, such that FT(zO; n) = .95

where FT(Z; n) is the distribution function for the sum of
n independent truncated variables each with the density
function given by fT(z; c(o) above.

For n = 2, this distribution is derived in this
chapter and in the following chapter the distribution is
derived for n = 3.

Let Xy and X, be independent variables, each having
the truncated Gamma density function defined by
4.1 fT(x) = Cfx—l e *, a < x < b where

= 1
© P o-1 -t
St—e_ dt.
a

The joint probability density function of Xy and X,
is given by fT(xl, xz) = fT(xl) . fT(xz) =

C2 £x—l ;&—1 e-(x1+x2).
1 2
4+ x.,. Then dx, = ds and hence
1 2 &
f. (s, x,) = 02(5 - X f*—l e—sgﬂ-
TS 72 2 2

Let S = X

In order to find f,,(s) we must integrate £ (s, x,)
. _— T 2
with respect to X, over the proper limits.

The following diagram is helpful in determining the lim-
its of integration.

11



a B\® Ne

\\

+ Jx

From the diagram we see that ?Br 2aé2 s < a + b, x

goes froma to s - a, and for a + b < s < 2b,
from s - b to b. -7

Hence fT(s) is given by

2

X, goes

-a
cze"s Ss ig—l(s - xzf‘_l dx,, for 2a < s < a+b
a

f.(s)=
2 -s £ _&-1 -1
c’e X (s - x,) dx for a + b < s (K
b 2 2 2 8=
Let Xy = sz. Then dx2 = sdz and we have
f -a/s
cze_s i (sz)"‘_l(s—sz)‘."_1 s dz for 2a < s <
= /s -
fp(s) = Y
b/s

er_s 2- (szf*—l(s—szf*—ls dz for a+b { s <
b/s

Factoring s out of the integrals above gives the
following definition for fT(s):

a/s
02 ~Sg 2c4-1 Sa (l z)d ldz for
= /s
4.2 f.(s) b/s 2a < s < atb
c2e Sg24-1 5 (1 2> dz for
1—b/s

atb < s < 2b.

12
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If we introduce a negative sign in the second integral

defining fT(S)’ then the limits of both integrals are of
the form k to 1-k, where Kk = 2 or k = g. Hence each
integral can be represented by

-k
I =K 51 2*_1(1—zf*—1 dz where K = ze_S SZd-l.

k

z2 of -1 oL-1
Let v = x and u = (1-z) . Then dv = z dz
and du = —(<=(—1)(1—z)‘."(_2 dz, and hence
1-k
L o -1 1-k
I =K |2 (1-z) ] +4-1 S zc‘(l—zf,‘_2 dz { .
9 k o k

Repeated integration by parts gives

o, -1
I =K [(Z (Zz) +q§:j&§ S %2
@-1) @-2) 42 | W-3 L _@-1)@-2)...2

& @+I) &«(+2)

o D) @F2) ... (2&h-2)

1-k 1-k )
24-2 . ) @-1) @-2) "2 200-2
z7" T (-2) ]k t @I @) (D) 5kz dz J
2ef-1 1-k
Now -k X®-2 4, =2 ] and, if we assume o is
K 2do{-1 K
an integer,
®-1)1(@-1)! 26-1) _ (4-1) (4-2) @-3)  eop
(2¢-1) . 4-j (24-3-1)!
j=1, 2, .o{-1. Hence
o @&=1)!(x=1)" 2u-1 , 201, . 282
I = K S5y [(l—k) + **TH a0k + L+
- -4 | — - i - —
@) (12 4 @1y o™ K242 2L

13



A*h kK2%201 k) - ... - EhH P an*?

4 1 [3 “ 1 N
(zull)k (o)™ .] _g @-1i@-1)! e

- 1
(2-1) ! j=0 J
. o -1 . .
_ - - o-5-
(1-k)2%-3-1 _ 75 (2951 295 1(1_k)f] , and £.(s)
L J T
j=0
an be written a f. (s) =K @®-1) . &-1): “51(20(—1)kj
c e wri s fn =) i p
20-j-1 21 2o_1. 20 -1 3 a
(1-k) - 3 )Yk (1-k) for k = s and
j=0
2a < s < atb or f. . (s) =K ®-1):&-1): qzl(zq_l)kzq-‘] 1
S8 < T (2%-1) ! j=0 I
j -t 2«- j 2d-j-1 b
(1-k)Y - = ( Yk (1-k) for k = —= and
j=0 °
at+b < s < 2b
Substituting % and g for k and taking e ° and
s2*1  jhside the summation gives
-1 . .
c (d 1) ! (x-1)! F o—S(2a-1 24-j-1 _j
( Y[ (s-2) a” -
L
(29-1): Lﬁ=0 J
(s—a)‘]azq_'j_l]] for 2a < s < atb or
) =
c? @-1) ! ¢-1) ! “gle-s(zq-l)[(S_b)JbZd—J-l_
(24¢-1) ! .~ J
j=0
L(s—b)zm"'j"1 b‘]]] for a+b < s < 2b.

The distribution function FT is defined by

X
F . (x) = f . (s) ds for 2a < x < a+b or
T b a T

14




+b
Fo(x) = (l fT(s) ds + (( fT(S) ds

fo a+b < x < 2b.
Therefore, for 2a < x < a+tb, FT(X)
2 @-1)!(-1): 41 2e| 1, 2-j-1 -s
c e e (S a) e ds -
Cd=1) " =
j=0
. x .
2 2%-3-1 5 (s-a)Je™ ds]. Let z = s-a. Then dz = ds,
2a
-— -— - - : - : “_1
e = 7% Z, and hence F (x) = C2 S 1)'("‘ 1) Z
T (%—1)~ J=O
. —a . . -a .
(ij—l)[aJe_a r z2%-3-1 e % 4z - aZd-J_le_a f zle”%dz]
a a
2 @-1) @-1): ;1( 1) -a ’ ajf‘(Zq—')[G(x a; 2¢-3j)
(Zd=1) " s 3 °F J T AT

G(a; 2“—3)]] - [a2q-j—lr'(3+l)[G(X-a; j+1) - G(a; .J'+1)]J

where G(x;®) is defined by 2.1. Similarly for

, -1
_ 2 @-1)!&-1)! %
atb < x < 2b, FT(x) = FT(a+b) + c Pa=1) T jEO

o i _— . a1
(2. 1)[b2q J-1 f (s-b)Jd e™® ds - bJ f( (s-b)zq J 1e Sds].
J a+b +b

Let z =s - b. Then dz =ds, e ~ =¢e e , and

2 @-1)!@-1)! %=1 oa-1. -p
@a-1)" j /€

FT(x) = FT(a+b) + c

. X-b . . -b .
[bzq_"]—1 S zde™? dz - bJ f z2%-3-1 -z dz] =
a a

o -1

2 X-1)!(@x-1)! 20-1, -b 200-j-1pq, .




[G(x-b; j+1) - G(a; j+1)] - bjrxzd-J)[G(X-b; od-3) -
G(a; 2°(—j)]] where G(x; o) is defined by 2.1.

By repeated integration by parts it is possible to show
that
v 2 -a 2 -v

—-a -
fu_le_xdx - e—a_e—v+ (ae 1—'ve 4 ae 27 v e +

1 \4
ol-1 -a o-1 -v
a e -V e )

(
A O~ B D

A\ 4 \'4
1 o-1 -x _ 1 -2 -x
Hence -z;——_Tyz Sa X e dx = Ym Sa X e dx +

(éi—le—a_vﬂ—le—v)
@-1)T.

b
Let AN(A) = TI}_IT S A le
° Ja

-X
dx,

-a -1 -x
x* e “dx, and
a

BN(A) = TX%TTT ?

~b
CN (A) = (TEI)-T )§ XA_le_de . Let
a

2 (d- 1)1 |2 T E
G=[C - &-1)!])° = = |lavce| -
{)G—l -X J [AN“]
X e “dx
a

Substituting these expressions and making all possible
cancellations gives the following definition for FT(x),

the distribution function for the sum of two independent
truncated Gamma variables with truncation at a and b:
for 2a {x < a+0b,

J-1 20t g ’

(T - DT - CA=J)!
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or for a + b < x < 2b,

o af T r_ 1
“ 7 TPeN@@) . b TICN(2 o -J+1)
Lo -J)1 J - 1.

Below we compare the graph of the sum of two indepen-
dent truncated Gamma variables with parameter & = 2 and
truncation at a = 1.5 and b = 3.5 with the graph of
the Gamma distribution with parametereof = 4 which would
be the distribution for the sum of two independent Gamma
variables with parameter & = 2.

~ o © —
3 - P e r 2 2  °

Fp(x) = b & b
J=1

S A
=2 0
R o
Ilm;"caj
a9
DE g
.31....
o * 0
o 1o
H:.’b::»
© 1 4 O
iEH’
= o(‘f‘(‘f"l—gj
[l = = S |
2] O 0
= o g =
= SoQ =
O 08
R g;zg
N O H P N
jo T 0]
o, ct Q,
w Qs e
Ega
= o Sc"‘
L Ot
n o
= o c
o T £ 5
H- [
0 O
D oHh D
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Returning to the example at the beginning of the
chapter, suppose we have <, = 4, a =2.3, b = 5.6, and
n = 2. Then from table II we find that FT(9.76; 2) = .95

and hence the critical region is given by t > 9.76.

If we had conducted the test assuming a complete
distribution, when in fact it was truncated as above, the
critical region would have been t > 13.15, and since this

is greater than 2b, the size of the critical region would
have been zero.

V. THE DISTRIBUTION FOR N = 3

Let Xy Xg, and Xqg be independent variables, each having

the truncated Gamma distribution with density function given
by 4.1. Let y = Xy + X, and S =y + Xg.

Then y has the probability density function defined
by 4.2, and the joint probability density function of vy

and Xq is given by

1 - _ 21 1-2/Va 1
fr(y, x3) = £4.(x5) " £4(y) = [cxﬁf3 le=X3].[c2e7Vy2% 1 i/yg o3y

o 1 - _y 2d-1
X].[c%e Yy

for 2a < y < atb, or fT(x3)'fT(y) =

b/y _
g 2 l(1 - z)q_]‘dz] for at+b <y < 2b. Hence
b/y -

l-a/s-x
-1 - —(g- - 3 d- -
f..(s,x,) = csxq 1e X3 e (s X?’)(s—x )2q 1 g 1(1—zf 1dz
T 3 3 3

a/s-xq

for a+tb < S—x3 < 2b.
To find fT(s) we must integrate fT(s, x3) with

respect to Xa over the proper limits.

The following diagram is helpful in determining the

limits of x3.

18




s < 2at+b, x

From the diagram we see that for 3a <
goes from a to s - 2a. For 2a + b < s < a + 2b, Xq
goes from a to s - a - b and from s - a - b to b.

Finally, from a + 2b { s < 3b, Xq goes from s - 2b to b.

3

Hence

19



S.-za

fT(s,x3)dx3

a

s-a-b

£ (s)ﬂ' £

(s, x3)dx

f (s,x,)dx
éfzb T 3 3

Substituting the formulas for fT(S’XS) this becomes

5.1 fT(s)=j

r

S_

3 -s

CcC e X
a

s-a-b
3 -s -1 21
ce ga Xg (S—X3) 5;

for 3a < s < 2a + b

b
+ f fg(s,xgddxgfor 2a + b < s <a+b

sfa-b -

for a + 2b < s < 3b.

2 l—a/x—x3 -1

200-1 2= (1_2)0(—1
/s-—x3

a
«-1
3 (s-x3)

dz de for 3a < s < 2a+b
b/s-x
3 21

'1(1-z?'1dzdx3+

—b/s—x3

3

b , a/s-Xx -
5 }?(—1(5—x3)2q_151 3 -1 (1- z? dzdxé‘

s=a-b

a/s-x3

for 2a + b < s < a + 2b

b/s-x
c3e™S f xg_l(s—xg)zq—lg 3 q 1(1 z) ldzdx3
L 2b

—b/s—x3

for a + 2b < s < 3b

w = - - — =
(s X3)z. Then z w/s Xq, dz %,
-1
S=-W-X - o —
3 and 2 ta-ty laz = ! (s-w-x3) aw
S-X 2d-1
3 (s - X,)

Substituting these results into 5.1 gives the following
definition for fT(s):

20




s=2a Se a
3 =S ( Yd—l ?3 mq—]'(c=ur=v \q_lrhn A~r
Ad Nt )a ‘.3 AL \l-’ w ﬂ3’ 4w “AB
for 3a < s < 2a + Db

léf dx_l(s—w—xsf‘ 1dw dx3 +
L x . -b

= _1 SX3-2a o _
5.2 £.,(s) Ib -1 KBS DU, 5 SR
3 3 3
s-a-b a
for 2a + b < s { a+2b
e S f q- f wq_l(s—w—x )q_ldw dx
3 3
—2b s—x3-b
for a+2b < s < 3b
Let Xg= su and w = sv. Then dx3dw = szdu dv, and
x?,'"]'w‘x_1 (s - w - xg)«"]‘dwdx3 = s3d_1u°‘_l\?(_1(l—u—v)°(_1.

Substituting these results into 5 2 gives

r

5.3 fT(s)‘

-s 3« 1

-s 3«%-1
e

ESe—sSSN-l

1-2a/

’;/s

- S

a/s
b s

1- a/s

S o Sd 1
g dv du for 3a<s<2a+b
/s
b/s b/s
-1 g J*_l(l—u-vfx—ldv du +
1=u-b/s
l-u-a/s
-1 ©®1 1 uv® Loy dlﬂ
b/s a/s
for 2a+b§s§a+2b
b/s
K-1 5/ G“_l(l-u—vf*—ldv du for

1Zu-b/s
a+2b§s§ 3b

21



If we interchange the limits for both integrals in the
second and fourth lines of 5.3, then each of the inner
integrals will have limits of the form k to l-u-k where
k = a/s or k = b/s.

Hence each of the inner integrals may be represented by

l1-u-k
I = J; q (1 u- vfx 1

Let z = v/1-u. Then v = (1-u)z, dv = (1l-u)dz, and
1-k/1-u
I = (1-u)2%1 Sk 211z Laz
k

/1-u
Let v' = zaA* and u' = (1-zfx—1. Then dv' = éx_ldz,
du' = —(e(—l)(l—zq—zdz, and

| o-1\,1l-k/1-u k/l u
[ = (w2 | (z8a-=) )Ji +q -1 jt X (1-pt-
of /1-u /1l-u

After repeated integration by parts we find

o« @-1
_ (-1 z (1-2z) o -1 d+1 Lo +2
I = (1-u) ( p- +q CESY) (1-2z ) +Z
1-k/1-u
A-3,..., @-1)(@-2).
(1=2) + D W) “‘z)) T

(of-1) (o4-2) - - -1 1-k/1-u
@D @ @D )y

an integer, then z1)! @-1)! (2«— @-1) ®-2) - - @-3)

&( 2dz] If we assume & is

(2d-1) ! J (Ca-j-1)!
for j=1,:--, -1, and I can be expressed as
_ (@-1)! @-1)! 2“ 1 2d—1 2«— 20(-2
I = CEERVE 1-u [ ) z (1-z) +
1-k/1-u
20( 1 of -1 _ (d-1)! &-1). ey 2d-1
+ (x-1) 2 - z) ]k/l-u ] = —@a=- DT [(l-u k) +
Gl ue0?%" 24k AP L i@t -
(29-1 (20(1 Ly 1 2%-2 9 0y, -(2:'1)1( (1-u-k)°"1]
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-Uu-
- P -1 . ai (of . 1\'/-&_.1\'
Hence 5.4 )’j ol )" (1-u-v)"tau av = DG

-1 -1 t
= (20( -1) kI -1 (1-k- u)2d =144 - (20( —l)kZG-J 1[&( (1—k—u)Jd
j=0 J r j=o J r

By repeating the same steps which were required to reduce
l-u-k

vq_l(l—u—v)q_ldv fori ud-l(l—k—u)jdu and

k

. t .
i uq_l(l—k—u)zq_‘]_ldu, we find 5.5 Lud_l(l-—k-u)‘)du =

- J . _ . .
—71(4-—" = Ay #H gl -5 #*HRAHN T ki ang
d ( qJ) i=o i=o
t . 29-j-1 .
5.6 S‘r H 1t (1okon)2¥ -3 1gy - —30‘—}73— 2 (34371 3¥-9-1-1
. (P | i=o
. 26— j-1 . .. )
(1—k-t)1 _ = (30( IJ_l)rS q-J—l-l(l_k_r)l]
i=o
Combining 5.5 and 5.6 with 5.4 we get
£p() = o531 @)L @) °‘£1 (2“'1) g Tt
(3°(-ij-1) [tsq-j-i-l(l_k_t)i_ rsu-j-i-l(l_k_r)i] _

G I Mook B SETRMIRC NI L o MU ]]

for r = a/s, t =1 - 2a/s, k = a/s, and 3a < s < 2a+t+b, or
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3,-s 34-1 @-1)! (@-1)! -

1 (2%-1, j 24-3-1
f. . (s) = c ; z —— k =
T Ca-1)! j=o q(ﬁaq.] 1) i=o
. C i . SR . g-1 ,2d-1
(3413—1)[tSQ—J-1 l(l_k_t)l_rSQ'J i 1(1—k—r)1] 'y L_Ei—l_
j=o &(g?)
3 . - i . a-1
K20-3-1 5 Sy ¥l e )M k)t + =
i=o j=o
29-1 . 29-j-1 L ) o )
iJ%E_l—T— k= (3q}? 1)[tgq_J—l_l(1—k—t)l—53q—3_1—1(1—k—r)1]—
at( &J— ) i=o
o-1 ,20-1 . J |
5 'L—ﬁx*l kZQ—J—l 5 6H+J)[ o5 1(1 K t) d+3 1(1 k1) ]
j=0 q(qJ) i=o0

for r =1 - a/s - b/s, t = a/s and k = b/s in the first two
sums and r = 1 - a/s - b/s, t = b/s, and k = a/s in the second
two sums, and 2a + b < s < a+2b, or

- a_ -
| 3ms -1 (-1 @1 *t AT j 23t
fT(s) = ¢ c CCRB = T k =
J=o o ( ) i=o
L o i ) i .

(3411 1)[t3 Jj-i 1(1-k—t)1—r3q j-1i 1(1—k—r)1]
a-1 ,24-1 o . L .

o 5 ) 29-3-1 ¢ Ty [ Lk-t)? s°‘+3'1(1-k-s)1£|
3=0 w (4 1=o

for r = b/s, t =1 - 2b/s, k = b/s, and a + 2b { s < 3b.

Substituting the values for k, r, and t, and taking
sSﬂ"le"S inside the summation gives the following definition
for the probability denisty function of the sum of three
independent truncated Gamma variables with truncation points
a and b:
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3@-1) ! (- 1)'r“ ! (21‘.1} 23-3-1

(s) = c — ¥
T (2q-1)! j=o ef(

13q‘=j - 1\
\ 1 J

i=o

-.J-
q )

[adti(s - 0g)3%-d-1i-1,-s_,3%-5-1  _ 2a)teS] -

®-1 20-1, j

i s - d-._
i of+j i, S—a3 i-1
j=o % ( J) i=o

(s-2a)

(s-2a)ie_s]] for 3a < s < a+2b, or

1y 1y | a-1 2«-1 2d-3-1 g i_
tr(e) = o (q(;l(-gzl)' z L2 A
j=o 3o-j-1, i=o
aC¥™H

[ (pIa34-3-1-1 4 ,33%-3-1-1y (o _p_a)ie™S) - (adbl+ alpd)

. a-1 201
((s-—a—b)sq—‘]_l_le_s)] - 5 _(__qu__ §
j=o cl( q ) i=o

o +j-1

a2%-3-1 2a-3-1, i 26-j-1,

) ((s-a-b)te™S) - -(alb

((s—a—b)"‘-i-‘j"i e” %) ]] for 2a+b < s < a+2b, or

- -j- aA-j-
£ sy = o3 - @-n: [t EYh 28-3-1 3%
T (2e-1) ! j=o «(3"';3 hy 1o
. . . . o-1 ,2d-1
[63 4 (so2p) 3Md-imtoms_ p3%-i-l(g _ gpyiems) - LD
j=o aCgd)

3 ol e - -1~ i -
v (P [p2WHI-L (g ppytHitigms | pB-1-1 g opyie s]] for

i=o

a+2b < s < 3b.
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The distribution function FT(X) = f fT(s)ds is
3a

defined by

-1
3 @D @ | %1

2«-1)! j=o ea(

2d-3j-1
z (
i=o

)

3a-j-1
33(-3 1) i

)

FT(X)

. pX _ . .
[a'J+1 g (s—2a)3q_‘]_l_le-sds - g3%-i-l f( (s-2a) e Sds]
a 3a

a-1 261 j . .. X ..

( ol 204+i-j-1 of+j-i -s
P R R N e e M e e
j=o «( ) i=o a

\ cJa-1 2a-1 2d—j-1
Fp(x) = Fp(2atp) + ¢ &=L @-D: 70 C )
(24-1) ! j=o a(°TPA7) i=o
G [ (0323371 Qdp3d-itd (s-b-a)le Sds -
2a+b
. L . o-1 29-1,
(adpt + a'pd) (s—a-b)Bq_J_l_le_sds] -z <L (q+‘])
a+b j=o a( o('])

e . . . .
BTCLIS TR EERNL SR R S B f‘ (s-a-b) e Sds -

ool 1 . i e
(alb“q JTey blazq J 1) f (s—a-b)q+‘) le S’ds]] for 2a+b<{x<a+2b,
+b

or
i W_1y1eto1y: Aol 241 2ol
Fp(x) = Fp(a+2b)e3 251y E ——3]#1' S Gl el L
J=0 o ( o ) i=0

x o . .
! (s—2b)‘%‘—‘]_1_1 e Sds - b3°l—1-1 ; (s-2b)te %ds]
+2b +2b
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o-1
s

Zdj—l
R 2 = sunl
J=0 L { ( o ) 1

j . . o
) z ("‘1’3)[b2°‘+1‘3‘1 fx (s-2b)°‘+3‘1e'sds -
=0 4+2b

3K-j-i ¢ i -s
b 97§ (s-2p)'e™®ds]] for at2b < x < 3b.
a+2b =

Let z = s - 2a. Then dz = ds, e "= e e ©, and

for 3a < x < a+b

3 @-1: @-u:|%:t A1 24-3-1 3d_j_1
1

(2a0-1) ! j=o o ( ;j— ) i=o

.,. X=2a C . . = .
[e-2a aJ+1 f z3"(—-,)-1—1 e Zdz - e—2a a3d—1—1 L zle_zdz] _
a

FT(x) = c

ol-1 ,2d-1 J . _ .. 4 X=2a C s
E (_e(J-ITJl E (q;J)[e Zay2Hi-g-1 5 2 Hi-1-24p -
J=o «( o ) i=o a

. ~2a . 3 -2a '
e—2aa3°l-1-1 )3' zle_zdz] _c’e @W-1)! («a-1)!
(2«4-1)!

a

a-1 2«-1 2d-j-1 . L
= g 3 YN [ P (3a-5-1) (6 (x-2a;
J=o a( o ) i=o

30-j-i) - G(a; 3%-j-i)) - a° 1=l Pi41) (G(x-2a; i+1) -
oq-1 2d4-1 J . -
6a; ian] - ¢ L322 T [P paty-i
j=0 q(qu) i=o0

. ) . 3oA-i-1 v, .
(G(x-2a; o +j-i+l) - G(a; A +j-i+l)) - a [[(i+1)
(G(x-2a; i+l1l)-G(a; i+1))]]where G(x;eof) is defined by 2.1.

Similarly, if we let z = s-b-a, then for 2a+b < x { at2b,
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-b-a 3 (a-1)! (d-1)! “51 (23‘_1)
C

F.(x) = F,(2a+b) + e 3=
T T 249 - 1)! j=o m‘(sqt,lJ 1)
24-3-1 3q_j-1,(,. j_30-j-i-1, _j, 3d-j-i-1

¥ AS¥%I-YH 1 wIa + atb ) F(a+1)
i=o

(G(x-a-b; i+l) - G(a; i+1)) - (adb® + a'bd) [(3a-j-1)

o-1 ,20-1.  j .
sdj-i))] - =& i) 5 &+,

(G(x-a-b; 3&-j-i) - G(a;
j=o d(q;‘]) i=o *t

[ (p2H-I-1 451 [ 24-5-1 \q+5-1y P541) (G(x-a-b; i+1) -

G(a; i+l)) = (alp?¥ It 4 p1a2%-3-1y P q+j-i+1)

(G(x~a-b; g +j-i+l) - G(a;q+j—j+1))]] and if we let
z = s - 2b, then for a+2b < x < 3b,

FT(x) = FT(a+2b) + e"bc3 (¢-1): (@-1): £ ( —~
2a- 1)! Jj=o o ( o

2¢-j-1 . .
z ¥ (I T(3a-j-1) (G(x-2b; 3a-j-i) - G(a; 3@-j-i)) -

i=o
o-1 2d-1
b2+ 3L P (141) (G(x-2b; i+1) - G(a; i+1))] - = (_“L“)_
Jj=o w(q )

J . I
z Ay [02% 17371 P @joi41) (G(x-2b; o +j-i+1) -
i=0

G(a; & +j-i+1)) - b F i1 p(i41) (G(x-2b; i+l) - G(a; 1+1))]]
As in chapter IV, let AN(A) = WL e_ dx,
-2a . x-b-a
1 X A-1 -x 2A-1_-x
BN(A) = fd " te Xax, CNQ)= s' dax,
A-1) 7 ’ T,\_—)——l T o),
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~ 1 x-2b 51 Xy

DN{A) ’7;\—3)—:' )aA dx.

]
cn

Substituting these expressions and making all possible
cancellations gives the following definition for FT(x), the

distribution function of the sum of three independent
truncated Gamma variables with truncation at a and b:

_ o 29-J+1 " J+I-2 e
FT(X) - Ge 2a = 5 a BN (34-J-1I+2)
J=1 I=1 (J-1)! (I-1)!
a3%T BN (D) - T il \[CES S 29D
(J-1) ! (3d-J-1+1)! J=1 I=1 (2 -J)!  (I-1)!
2321 BN (D)

for 3a < x < 2a+b, or

(200-J3) ! (a+J-1)!

Cap | 29-JH
FT(x) = FT(2a+b) + G e = =
J=1 I=1

J-laBQ—J—I+l+ aJ—leq—J—I+1

(b )CN (1)

(J - 1)! (3«-J-1+1)!

™M

(29" 1pI-14 2 I-159-1 CN(3°¢—J—I+2)] «

(J-1)! (1 - 1) J=1 1I=1

ZW—JA§+JFI 2d—J6ﬂ+J—I I-leN—J 29-- J I-1

+ a JCN(I) _ (a + a )CN (¥+J-1+1)
(294-3)! (R+IJ-I)! (29-J) ! (I-1)!

(b

for 2atb < x < at+2b, or

, o 20-J+1 [ J+1-2 .
Fr(x) = Fy(a+2b) + e - °G[Z = b DN (3d-J-1+2)
J=1 I=1 (J-1)! (I-1)!
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~1
b5% IpN (1) - S p2 N I-JI-1p 0 a+3-1+1)
(J-1) 1 (34-3-T41) ! | J=1 1=1 (20-3) ! (I-1)!
b2%IpN(1)

3
for a+2b < x < 3b, where G = [;N ; ] )

(28-J)! @+J-I)!

Below we compare the graphs of the sum of three inde-
pendent truncated Gamma variables with parameter ©f = 2
and truncation at a = 1.5 and b = 3.5 with the graph of the
Gamma distribution with parameter o = 6 which would be the
distribution for the sum of three independent Gamma variables
with parameter o = 2,
[ - to w N o o < o © -

'Y

b
o
b
o
3
o

o | Qs a0
=l e
S0t B
= 5 g
N et h H
250
— £ ocp H
o H O &0 ™
+ oS Q
= H O (e
- o s o0 H
= 5':-5 =
H
ﬂ’m»—*-r—--rr W
5 1 o oo s
cs o0
wc+r+ﬂca
= L T
w c 0 )
S S 0B
~ 4 ®ooh
- ot
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Returning to the example at the beginning of chapter

AL [ = - p— - o . — A —~ - —
4, suppose we have c(o— 4, a=2.3, b =25.6, and n = 3,

Then from table III we find that FT(13.98; 3) = .95 and

hence the critical region for the test would be given by
t > 13.98.

If we had conducted the test assuming a complete
distribution, when in fact it was truncated as above, the
critical region would have been t > 18.20 and since this
is greater than 3b, the size of the critical region would
have been zero.

VI. COMPARISON OF CRITICAL VALUES

In the following table the parameters which determine
the distributions, a, b,e& , and n, are given with the
.05 and .95 critical values from the tables obtained
from the actual distributions and with the critical values
tilken from the A3 and 8 tables, which are denoted by

Xog and X7g.. 1 2
a b bl n X.05 X 05 X.95 X*95
.54 2.06 2 2 1.55 1.55 3.56 3.54
.54 2.06 2 3 2.59 2.60 5.04 5.03
1.10 2.06 2 2 2.47 2.48 3.77 3.76
1.10 2.06 2 3 3.88 3.88 5.46 5.45
1.07 3.12 3 2 2.85 2.86 5.54 5.52
1.07 3.12 3 3 4.65 4.66 7.93 7.92
2.30 5.60 4 2 5.49 5.45 9.76 9.74
2.30 5.60 4 3 8.78 8.81 13.98 13.97
2.46 5.29 5 2 5.96 5.99 9.67 9.65
2.46 5.29 5 3 9.47 9.49 13.98 13.98
6.36 9.25 8 2 13.58 13.57 17 .45 17.41
4.67 9.25 8 3 17 .41 17 .45 24.60 24 .57
1.91 3.64 3 3 6.75 6.77 9.56 9.56
5.25 7.88 6 2 11.18 11.20 14.68 14.65
3.18 9.31 6 3 13.12 13.14 22.17 22.16
5.42 10.58 7 2 12.64 12.08 18.49 18.47
7.20 10.29 9 2 15.33 15.32 19.47 19.42
11 1.60 5 1 1.94 1.95 4.95 4.95
.37 .91 5 1 2.52 2.52 3.66 3.65
.51 1.20 10 1 7.15 7.14 9.20 9.19
11 1.60 10 1 4.70 4.71 8.95 8.96
.37 1.60 3 1 1.65 1.67 3.61 3.61
.37 1.60 2 1 .98 1.00 2.58 2.57
.51 2.40 2 1 1.32 1.31 3.62 3.63



In the following table the parameters which determine the
distributions, a, b,&, and n, are given with the .01 and
.99 critical values from the tables obtained from the aCtiZf

distributions and with the critical values taken from the 1
and /3, tables, which are denoted by X*;; and X*

2 99
*

a b o n X 01 X*o1 X 99 X*99

11 91 1 2 .30 .28 1.66 1.64

11 1.60 1 3 .66 .64 3.77 3.74

.22 2.40 1 5 2.20 2.19 7.88 7.86

.37 1.20 1 10 5.62 5.63 9.04 9.02
1.40 2.45 2 2 2.92 2.92 4.71 4.71
1.10 3.96 2 3 3.97 3.97 9.76 9.74
1.56 4.33 3 2 3.44 2.40 8.04 8.03
1.91 3.12 3 3 6.17 6.15 8.83 8.80
2.80 4.80 4 2 5.85 5.85 9.25 9.27
2.30 6.80 4 3 8.18 8.20 17.26 17.20
3.62 5.86 5 2 7.53 7.56 11.33 11.34
2.46 6.71 5 3 9.10 9.13 17.96 17.97
4.53 9.31 6 2 9.55 9.58 17.30 17.29
5.20 7.03 6 3 16.38 16.35  20.28  20.25
5.42 9.05 7 2 11.29 11.28 17.38 17.36
4.76 10.58 7 3 16.11 16.06  27.95  27.97
5.60 11.88 8 2 11.94 11.90  22.04  22.00
4.67 10.21 8 3 16.43 16.40  27.95  27.93
5.40 10.29 9 2 11.72 11.67 19.82 19.84
6.42 11.40 9 3 21.12  21.08 31.68  31.66
8.13 11.38 10 2 16.70 16.65  22.22  22.18
8.96 12.65 10 3  28.08 28.09  36.06 36.00
10.46 18.20 15 2 22.31 22.27  34.98  34.99
17.44  23.70 20 2 35.70  35.69  46.21  46.18
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TABLE I

Critical Values for the Truncated Distributions
as Functions of the Truncation Points a and b
for =1 and N =2, 3, 5, and 10

N=2

a .01 .02 .93 .99

.11 .91 .3000 .4051 1.4751 1.6560
.11 1.20 .3169 .4462 1.8774 2.1439
.11 1.60 .3338 .4875 2.3803 2.7786
.11 2.40 . 3528 . 5853 3.2043 3.8851
.22 .91 .0122 .6066 1.5346 1.6857
.22 1.20 .5311 .6519 1.9485 2.1813
.22 1.60 . 5498 .6977 2.4682 2.8289
.22 2.40 .9710 . 7507 3.3247 3.9671
.37 .91 .8022 .8781 1.6091 1.7220
.37 1.20 .8220 . 9299 2.0381 2.2274
.37 1.60 .8436 .9824 2.5804 2.8915
.37 .40 .8682 1.0436 3.4822 4.0715
.51 .91 1.0674 1.1281 1.6720 1.7520
.51 1.20 1.0922 1.1866 2.1146 2.2657
.51 1.60 1.1169 1.2462 2.6774 2.9439
.51 2.40 1.1451 1.3159 3.6218 4.1612

= 3
.11 .91 . 5582 .7378 2.0413 2.2996
.11 1.20 .6085 .8331 2.5817 2.9455
.11 1.60 .6590 .9313 3.2567 3.7672
.11 2.40 L7172 1.0474 4.3654 5.1609
.22 .91 .8654 1.0253 2.1550 2.3744
.22 1.20 .9209 1.1296 2.7118 3.0333
.22 1.60 L9770 1.2376 3.4091 3.8794
.22 2.40 1.0416 1.3661 4.5620 5.3186
.37 1.60 1.4083 1.6514 3.6071 4.0224
.37 2.40 1.4830 1.7986 4.8204 5.5240
.51 1.20 1.7354 1.8953 3.0250 3.2444
.o1 2.40 1.8937 2.2000 5.0514 5.7053
=3

.11 .91 1.1843 1.4665 3.1434 3.4865
.11 .20 1.3335 1.6967 3.9505 4.4267
.11 .60 1.4876 1.9422 4.9464 5.6082
.11 .40 1.6705 2.2453 6.5473 7.5704



Ta

ble I continued.

.22 .91 1.6679 1.9161 3.3684 3.6620
.22 1.20 1.8310 2.1650 4.2028 4.6283
.22 1.60 2.0004 2.4322 5.2360 5.8467
.22 2.40 2.2027 2.7651 6.9065 7.8814
.37 .91 2.3176 2.5168 3.6588 3.8856
.37 1.20 2.5014 2.7925 4.5302 4.8870
.37 1.60 2.6935 3.0914 5.6144 6.1555
.37 2.40 2.9251 3.4688 7.3818 8.2900
.51 .91 2.9132 3.0639 3.9127 4.0786
.51 1.20 3.1179 3.3661 4.8184 5.1120
.51 1.60 3.3335 3.6967 5.9505 6.4267
.51 2.40 3.5957 4.1196 7.8097 8.6549

N = 10
.11 .91 2.9690 3.4067 5.7745 6.2709
.11 1.20 3.4470 4.0211 7.2038 7.8853
.11 1.60 3.9642 4.7039 8.9475 9.8821
.11 2.40 4.6186 5.6089 11.6954 13.1088
.22 .91 3.8622 4.2447 6.2954 6.7217
.22 1.20 4.3767 4.9006 7.7782 8.3895
.22 1.60 4.9369 5.6337 9.5938 10.4593
.22 2.40 5.6552 6.6145 12.4719 13.8226
.37 .91 5.0558 5.3605 6.9728 7.3042
.37 1.20 5.6229 6.0753 8.5289 9.0444
.37 1.60 6.2455 6.8806 10.4438 11.2143
.37 2.40 7.0514 7.9719 13.5041 14 .7674
.51 .91 6.1430 6.3731 7.5708 7.8140
.51 1.20 6.7622 7.1447 9.1954 9.6217
.51 1.60 7.4470 8.0211 11.2038 11.8853
.51 2.40 8.3449 9.2232 14 .4386 15.6187
TABLE I1

Critical Values for the Truncated Distributions as
Functions of the Truncation Points a and b for
N=2 and o« =2,3,4,5,6,7,8,9,10,15, and 20.

® =2

a b .01 .05 .95 .99
.54 2.06 1.2969 1.5478 3.5613 3.8584
.94 2.45 1.3346 1.6286 4.1264 4 .5268
.54 3.04 1.3769 1.7197 4 .8955 5.4803
.54 3.96 1.4165 1.8058 5.8863 6.7870
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Table II continued.

.84 2.06 1.8550 2.0459 3.6715 3.9116

.84 2.45 1.8905 2.1259 4.2484 4.5895

.84 3.04 1.9307 2.2172 5.0436 5.5620

.84 3.96 1.9687 2.3045 6.0752 6.9076
1.10 2.06 2.3199 2.4703 3.7688 3.9580
1.10 2.45 2.3560 2.5530 4.3588 4.6446
1.10 3.04 2.3970 2.6480 5.1775 5.6345
1.10 3.96 2.4360 2.7396 6.2493 7.0167
1.40 2.06 2.8834 2.9885 3.8863 4.0132
1.40 2.45 2.9220 3.0774 4.4933 4.7104
1.40 3.04 2.9661 3.1806 5.3431 5.7220
1.40 3.96 3.0081 3.2808 6.4694 7.1514

x = 3
1.07 3.12 2.4775 2.8473 5.5443 5.9169
1.07 3.64 2.5394 2.9735 6.3093 6.8158
1.07 4.33 2.6008 3.0988 7.2264 7.9401
1.07 5.37 2.6580 3.2164 8.3721 9.4368
1.56 3.12 3.3357 3.5938 5.6905 5.9865
1.56 3.64 3.3897 3.7147 6.4720 6.8972
1.56 4.33 3.4440 3.8347 7.4167 8.0432
1.56 5.37 3.4954 3.9490 8.6090 9.5842
1.91 3.12 3.9790 4.1760 5.8134 6.0444
1.91 3.64 4.0319 4.2954 6.6102 6.9653
1.91 4.33 4.0854 4.4171 7.5805 8.1305
1.91 5.37 4.1362 4.5339 8.8169 9.7115
2.28 3.12 4.6693 4.8062 5.9490 6.1076
2.28 3.64 4.7238 4.9306 6.7642 7.0401
2.28 4.33 4.7792 5.0586 7.7657 8.2273
2.28 5.37 4.8320 5.1825 9.0569 9.8553
KA =4

1.80 4.20 4.0034 4.4460 7.6074 8.0336
1.80 4.80 4.0797 4.6006 8.5010 9.0772
1.80 5.60 4.1562 4.7560 9.5778 10.3893
1.80 6.80 4.2272 4.9007 10.9101 12.1230
2.30 4.20 4.8742 5.2003 7.7477 8.0998
2.30 4.80 4.9412 5.3455 8.6555 9.1538
2.30 5.60 5.0092 5.4934 9.7573 10.4857
2.30 6.80 5.0730 5.6328 11.1327 12.2607



Table II continued.

wwhbdN

MR WWW WWWWw dNhNDN

Ui WWWW WLWWW

Wwww

36

.80
.80
.80
.33
.33

.46
.46
.46
.46

.13
.13
.13
.13

.62
.62
.62
.21
.21

.18
.18
.18
.18

.91
.91
.91
.91

.53
.53
.53
.24
.24

.97
.97
.97
.97

[N NN

oo ul oauug WO UL

ONONN OO O

O W oo~

.80
.60
.80
.60
.80

.29
.86
.71
.05

.29
.86
.71
.05

.86
.71
.05
.71
.05

.50
.03
.88
.31

.50
.03
.88
.31

.03
.88
.31
.88
.31

.30
.18
.05
.58

QOWWW WHPWHR AN OO OO, oot [N NE IS Ny

=

00 00 00 Co

.8518
L9172
.9791
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.4198
.4985
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.5316
.6066
.6823
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.9584
.0329
.1283
.2315

L2237
.2863
.3675
.4565

.3878
.4644
. 5488
.8016
.8876

.95503
.6804
.7801
.8940

NN Oo

WWOWRON NI~ oot

WWW W W~

.1630
.3109
.4519
.2240
.3743

.9563
.1130
.2948
.4754

.9518
.0957
.2652
.4361

.8891
.0568
L2276
.0607
.2395

.9926
.7393
.9273
.1309

.6742
.8082
.9823
.1735

.7887
.9596
.1493
.1821
.3812

.2010
.4575
.6535
L8777

11

13
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13

12
13

14

11.

12
13

12
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14
16

13

16

.8415
.9763
.4095
10.
11.

2310
7400

.6688
10.
11.
.2180

.8476
.7183
11.

5255
6926

9134

.4918
10.

8910

.1138
.7450
12.

3802

.0898

9302

L7226
.8934
15.

12.

5381
1221

.9270
14.
15.

13.
.3643
16.
.6824
.9332

1239
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1375

1236
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14.
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17.
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12
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10.
11.
12.
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11
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14
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13
14
17

13
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15

14.
15.
.1193
19.

17

.2449
10.

6017

.4294
10.

7337

.6263

1594
1552
5649

.5323

10.
.2497
.6815
.6988

11.

2435

3335

.7859
.8507
.9224
.0536

.5046
.4275
.8391
.9519

.5953
.0276
.9601
.1229

.6298
15.
.3024
.2464
17.

0847

5411

1280
6725

3871
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.25
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.25
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11

11

10
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.05

58
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.90
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.2841
14.

13
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11.
11.
11.
.9841

.3119
13.
.95355
.6390

.8190
.9248
15.
16.
16.

11
13
13
13

14
14

.0273

1013
1996
2050

2846
3774

0376
1773

7379
8343
9435

1052
1949

1951

3861

5861
7210
8601

4211

0212
3627
4584

10.
10.
10.

11

12

6179
7758
9860

.6500
11.

8271

.0347
13.
13.

1629
3794

. 7695
.0411
.2656
.5164

.3622
L0671
.7995

.5746
L7738
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.5619
.7631
.9973
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.6598
. 9266
.1647
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.0921
.3338
.5527

.3271
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.8660
.0851
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15.

16
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.9165
.2154
.7918
.6044
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.9536
21.

18
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17
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21
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2677

.3478
18.

1721

.3447

.6014
.4893
.9438
.9288

5811

.9519
18.
20.

17.

2834
2099

1940

.5544
.5434

17.
18.
.9039

17.
19.
21.

4474
8416

6652
0916
2248

6782

5044

4676

4081

.3593

15.
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15.

17.
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20

16.
17.
.3693
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21.
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.5106
.0385

17
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18.
.6585
.2525
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.4400
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18.
19.
21.
.9113

.4506
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18

19,
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21
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20.
21.
24.
22.
24.

9504

8863
3758

.7521
17.
.0075

5496

1875
7697

8382

0101

1142
7854

3400
8183
6700

9418

0632
9686
3160
1354
5481

37




Table II continued.

WWWPOW® I3 OO,

10.
10.
10

11
11.
11

12
12
12

13.
13
13
13

14.
14
14.
14

16
16
16.
16

38

.33
.33
.33
.33

.27
.27
.27
.27

.13
.13
.13
.96
.96

.46

46
46

.46
.70

70

.70

.78
.78
.78

68

.68
.68
.68

54

.54

54

.54

.20
.20

20

.20

10.
11.

12
14

12
14

11.
.65
.23
.65
.23

12
14
12
14

15

18

20.

16.
18.
20.

16.
18.
20.

15.

16
18

21.
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38
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11.
.65
.23

56
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.39
16.
.20
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14

77
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14

77
20
14

39

.77
.20
20.

14
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.05
.70
.94

.15
.05
23.
25.

70
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13.
13.
13.
13.

15.
15.
15.
15.

16.
.8234
16.

16
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18
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22
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30.
30.
31.

33.
33.
.4920

33

33.
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1633
2946
4017
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9226

.3525
.4509

.8823
.1184
.3065
.4748

24.
24.
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3424

.4843
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26.
26.

27.
27.
.9065
28.
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2557
3860

5981
7672

0343

.4253

5828
8162
0249

1795
3043

6623

14 .2996
14.5504
14.8516
15.0942

15.6538
15.8806
16.1571
16.3829

17.2389
17.5056
17.7259
18.8929
19.1181

ad = 15

22.8924
23.3483
23.7094
24.0319

25.0854
25.4132
25.7101

26.7803
27.0937
27.3813

27.8919
28.2707
28.5843
28.8744

&= 20

31.7897
32.0874
32.5268
32.9189

34.0972
34.3578
34.7486
35.1029
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24
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24

21
23
25
23

29.
31.
. 5086
35.

.7952
33.
36.

32.
.2214
.6518

30.
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.0738
46.

40.
42.
.4914
.2212

44

44
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.8302
21.

0832

.8472
.6787

20.

0525

.3197
.1166
.9995

. 5947
.4342
.3839
. 7854
25.

8179

3502
4974

7964
8422

1931
1292

2219

.4440
34.
37.

5839
0990

3551
7392
7257

7141
1136
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20
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24
26

22
24

24

30.
32.

34
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32

32

38

38

41.
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41

49

5285

.9724
.0891
.4323

.6318
.0869
.2304
.6224

.2190
.3951
26.

8476

. 5746
27.

0977

1308
5835

.9827
. 8898

L7267
35.
38.

1555
1222

.8864
35.

3499

.3881

30.
33.
35.

5284
0355
5333

.6437

4083

.9971
45.
49.

.5750
43.
45.

7736
1355

1764
9886

.4245




Table II Continued.

17 .44 22.05 35.5286 36.3084 42,4895 43.3553
17.44 23.70 35.6985 36.6802 44 .9163 46.2054
17.44 25.94 35.8540 37.0214 47.7344 49.7209
18.90 23.70 38.3799 39.1026 45.4983 46.4979
18.90 25.94 38.5319 39.4491 48 .4544 50.1298
TABLE III
Critical Values for the Truncated Distributions as
Functions of the Truncation Points a and b for
N=3 and ¥ =2,3,4,5,6,7,8,9, and 10
d= 2

a b .01 .05 .95 .99
.54 2.06 2.2023 2.5943 5.0424 5.4841
.54 2.45 2.3030 2.7668 5.8049 6.3807
.54 3.04 2.4166 2.9647 6.8418 7.6293
.54 3.96 2.5238 3.1555 8.1735 9.2869
.85 2.06 2.9784 3.2861 5.2662 5.6219
.85 2.45 3.0774 3.4609 6.0439 6.5365
.85 3.04 3.1904 3.6639 7.1141 7.8181
.85 3.96 3.2981 3.8621 8.5013 9.5333
1.10 2.06 3.6343 3.8792 5.4575 5.7435
1.10 2.45 3.7364 4.0611 6.2582 6.6752
1.10 3.04 3.8536 4.2744 7.3608 7.9882
1.10 3.96 3.9662 4.4846 8.8018 9.7593
1.40 2.45 4.,5427 4.7999 6.5218 6.8438
1.40 3.04 4.6700 5.0319 7.6685 8.1979
1.40 3.96 4.7928 5.2634 9.1821 10.0441

oA =3

1.07 3.12 4.0939 4.6511 7.9299 8.4943
1.07 3.64 4.2524 4.9119 8.9700 9.7074
1.07 4.33 4.4099 5.1752 10.2067 11.1874
1.07 5.37 4.5577 5.4269 11.7450 13.0944
1.56 3.12 5.2702 5.6816 8.2273 8.6769
1.56 3.64 5.4178 5.9362 9.2899 9.9120
1.56 4.33 5.5668 6.1973 10.5640 11.4294
1.56 5.37 5.7086 6.4506 12.1664 13.4025
1.91 3.12 6.1708 6.4876 8.4773 8.8302
1.91 3.64 6.3184 6.7467 9.5618 10.0854
1.91 4.33 6.4688 7.0154 10.8713 11.6373
1.91 5.37 6.6130 7.2787 12.5331 13.6719
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.1445
.2981
.4559
.6085

.4569
.6513
.8467
.0287

.6454
.8260
.0101
.1835

.9195
L0971
.2801
.4543

.3099
.4946
.6869
.8719

.6768
.8743
.1036
.3314

.2493

.4284
.6395
.8523

.4894
.6642
.8720
.0834

.0290
.2076
.4221
.6426

7.3659
7.6372
7.9218
8.2042

& = 4

7.1201
7.4373
7.7608
8.0675

8.1555
8.4628
8.7805
9.0835

9.2903
9.5999
9.9242
10.2396

10.5415
10.8662
11.2114
11.5521

o = 5

9.4704
9.7879
10.1611
10.5384

10.8338
11.1368
11.4982
11.8690

11.9348
12.2372
12.6017
12.9800

13.3170
13.6297
14.0117
14.4142

12

10

13
15

11
12

12
14
16

14
16

13

16
18

14

17

14
15

20

.7544
.8666
11.

2202

.9553

.9634
12.

1813

.6355
.4244

.2511
.4879
13.
15.

11.

9757
8241

5932

.8566
.3898
.3165

11.
13.

9812
2805

.8734
.9017

.9843
15.

1544

.7341
.7831

.3526
15.

5409

.1580
19.

.6788
.8864
17.
19.

15.
16.
18.

2797

5415
7348

1028
3405
0526

.3515

8.9989
10.2782
11.8714
13.9815

11.6143
13.0281
14.7614
16.9746

11.7894
13.2221
14.9895
17.2641

11.9976
13.4553
15.2670
17.6227

12.2324
13.7213
15.5888
18.0488

14.7370
16 .0899
17.9617
20.4842

14.9599
16.3317
18.2417
20.8394

15.1577
16.5480
18.4952
21.1668

15.4140
16.8308
18.8312
21.6107




Table III Continued.

.18
.18
.18
.18

.92
.92
.92
.92

.52
.02
.92
.92

.25
.25
.25
.25

g BRRBRR WWWW WWWW

.97
.97
.97
.97

.76
.76
.76
.76

.42
.42
.42
.42

.21
.21
21
21

OO GUuuig Rl Rd WWWW

.67
.67
.67
.67

L

OO0 ONN0 ONNG ONNO

{

= —
QW] QWO O OO~

o)

10

.90
.03
.88
.31

.20
.03
.88
.31

.50
.03
.88
.31

.90
.03
.88
.31

.30
.18
.05
.58

.30
.18
.05
.98

.30
.18
.05
.58

.30
.18
.05
.58

.35
.25
.21
11.

88

11
11

12
12
13
13

14
14
14
14

16
16
16
16

13
13
14
14

15.
15.
15.
l6.

.9843
17.
.4836
17.

19.
19.
19.
19.

16

17

15

16

.0839
.2691
11.
11.

5065
7639

.7968
.9639
. 1809
.4193

.3314
.4930
. 7047
.9397

.2093
.3747
.5934
.8388

.4885
.8123
.0599
.3434

3254
6456
8426
1048

2640

7407

0394
3232
5487
8157

.8015
16.
.4293
16.

1450

7471

=6

12.0159
12.3116
12.6950
13.1172

13.4952
13.7762
14.1450
14 .5568

14 .8551
15.1343
15.5046
15.9232

16.5413
16.8309
17.2199
17.6668

® =7

14.4421
14.9569
15.3554
15.8187

16,0265
16.5626
16.8962
17.3470

17.4932
17.9741
18.3568
18.8131

19.3335
18.8286
20.2289
20.7136

o =8

16.8642
17.4053
17.8583
18.3729

17
18

17
18
20
22

23
18

21

19.
21.
23.
25.

20.
.2159
23.
26.

22

20
22

26

21
23
24

22
24

26.
28.

.2906
.3728
19.
22.

9588
1689

.6853
.7835
.4041
.6871

18.
19.
20.
.2326

.6072
19.
.4797
23.

0872
2052
8665

7563

9695

75595
5837
2125
5912

1652

6782
1316

. 5859
.4653
24.
.7074

.1383
.0647
.8298
27.

1678

5006

.7166
. 5953

4016
9914

18.1692
19.4216
21.2980
24.0123

18.4087
19.6780
21.5901
24.3801

18.6533
19.9416
21,8939
24.7696

18.9686
20.2844
22.2947
25.2962

20.6209
22.7259
24.6508
27.5680

20.8638
23.2286
24.9550
27.9499

21.1183
23.2759
25.2754
28.3593

21.4493
23.6487
25.7068
28.9242

23.6601
25.8194
27.9502
31.1262

41



Table III Continued.

.60
.60
.60
.60

.36
.36
.36
.36

.95
.95
.95
.95

OO OO0 G LW

.40
.40
.40
.40

.42
.42
.42
.42

.20
.20
.20
.20

.98
.98
.98
.98

NN NN OO0 agguao

.33
.33
.33

.27
.27
27
.27

QNN S

42

.33

8.35
9.25
10.21
11.88

8.35
9.25
10.21
11.88

8.35
9.25
10.21
11.88

9.45
10.29
11.40
12.90

9.45
10.29
11.40
12.90

9.45
10.29
11.40
12.90

9.45
10.29
11.40
12.90

10.56
11.38
12.65
14.23

10.56
11.38
12.65
14.23

17
18
18
18

19

20
20

21
21
22

18
18
18

20
20
21

22
22
23
23

24
24

21

22

23

.9420
.2459
.5016
.7918

.8491
20.

1393

.3863
.6697

21.
.6692
.9187
.2072

3785

.2071
.5361
.8746
19.

.5298
.8183
21.

1768

1202

.3938

.4754
. 7496
.0398
.3054

.4943
.7682
25.
25.

0609
3315

.0443
21.
21.

3615
7428

.0502
23.

1955

.4788
23.
24.

8244
1067

18.7045
19.2110
19.6421
20.1388

20.3890
20.8873
21.3172
21.8191

21.7565
22.2616
22,7021
23.2222

a=9

19.3815
19.8960
20.4316
20.9170

21.3721
21.8509
22.3574
22.8230

23.0869
23.5560
24.0585
24.5262

24.8910
25.3638
25.8833
26.3706

o® = 10

22.2653
22.7643
23.3710
23.8676

24.1109
24.5800
25.1582
25.6378

23

26
29

23
25
27
30

24
26
27
30

25.

27
29
32

32

28

27

28.
30.
33.
35.

.4562
31.
33.
36.

29

.1836
25.

0848

.9289
. 6040

.6636
. 5947
.4847
.2593

.0714
.0333
.9687
.8391

8022

.5611
.6569
.0207

26.
28.
30.

3002
0788
2169

.6555
26.

7848

. 5883
30.
33.

7751
2962

.3219
29.
31.
34.

1601
4104
0367

9920
7106
1051
5677

1916
6289
1615

23

28
311

24

28
32

24
26
28
32

26.
.8511
.3202
.2104

27.
29.
31.

28
31
34

34

29
32

27

32

30.

32
34

32

38

.9385
26.

1228

.2933
. 5583

.2261
26.

4399

.6560
.0239

.4703
L7120
.9710
.4368

8322

1288
1704
6842

.6526

27.
.4858
.0483
35.

4191

1021

.7410
29.
.4618
35.

8390

6226

0775

.0450
.8719
37.

30.
.3462
35.

8885
3543

2133

.3033




Table III Continued.

8.13 10.56 25.3357 25.9958 29.9878 30.6730
8.13 11.38 25.6039 26.4542 31.7481 32.6900
8.13 12.65 25.9348 27.0268 34.2428 35.6149
8.13 14.23 26.2081 27.5078 36.8658 38.7987
8.96 10.56 27.4828 27.9141 30.5593 31.0157
8.96 11.38 27.7503 28.3787 32.3533 33.0635
8.96 12.65 28.0837 28.9669 34.9211 36.0578
8.96 14.23 28.3619 29.4679 37.6561 39.3561
TABLE IV
Tables of m,o, B,, and ﬂ2 for N =5
and «= 2,3,4,5,6,7,8,9, and 10
N=5

2 b * A o B Ry

.54 2.06 2 6.3449 .9532 .0018 2.7733

.54 2.45 2 7.0982 1.1842 .0062 2.7822

.54 3.04 2 8.0677 1.5149 .0191 2.8045

.54 3.96 2 9.1966 1.9681 .0547  2.8622

.85 2.06 2 7.1044 .7690 .0029 2.7691

.85 2.45 2 7.8786 1.0064 0077 2.7781

.85 3.04 2 8.8848 1.3478 .0212 2.8003

.85 3.96 2 10.0709 1.8196 .0581 2.8583
1.10 2.06 2 7.7657 .6139 .0027 2.7665
1.10 2.45 2 8.5647 .8557 .0074 2.7746
1.10 3.04 2 9.6115 1.2053 .0206 2.7957
1.10 3.96 2 10.8589 1.6930 .0572 2.8522
1.40 2.06 2 8.5747 .4242 .0018 2.7635
1.40 2.45 2 9.4110 .6702 .0058 2.7702
1.40 3.04 2 10.5176 1.0289 .0178 2.7888
1.40 3.96 2 11.8540 1.5360 .0528 2.8420
1.07 3.12 3 10.4816 1.2766 .0000 2.7744
1.07 3.64 3 11.5369 1.5814 .0017 2.7810
1.07 4.33 3 12.7244 1.9641 .0092 2.7972
1.07 5.37 3 14.0721 2.4741 .0340 2.8417
1.56 3.12 3 11.5766 .9904 .0009 2.7677
1.56 3.64 3 12.6484 1.3061 .0042 2.7753
1.56 4.33 3 13.8700 1.7042 .0138 2.7932
1.56 5.37 3 15.2764 2.2389 .0418 2.8404




Table IV Continued.

1.91 3.12 3
1.91 3.64 3
1.91 4.33 3
1.91 5.37 3
2.28 3.12 3
2.28 3.64 3
2.28 4.33 3
2.28 5.37 3
*1 .80 4.20 4
1.80 4.80 4
1.80 5.60 4
1.80 6.80 4
2.30 4.20 4
2.30 4.80 4
2.30 5.60 4
2.30 6.80 4
2.80 4.20 4
2.80 4.80 4
2.80 5.60 4
2.80 6.80 4
3.33 4.20 4
3.33 4.80 4
3.33 5.60 4
3.33 6.80 4
*2 .46 5.29 5
2.46 5.86 5
2.46 6.71 5
2.46 8.05 5
3.13 5.29 5
3.13 5.86 5
3.13 6.71 5
3.13 8.05 5
3.62 5.29 5
3.62 5.86 5
3.62 6.71 5
3.62 8.05 5
4.21 5.29 5
4.21 5.86 5
4.21 6.71 5
4.21 8.05 5
*

My <0

44

12

13.
.8168

14

16.

13.
14.
15.
17.

15.
16.
.7386
.3256

16.
17.
.8624
20.

17
19

18

17
18
20
21

18
20
21

22
24

20
22
23

22
23

27

24

.4578

5547

2871

4254
5599
8788
4356

0746
3244

1618
4213

5004

.3909
.6779
.1680
.8865

. 7620
.0971
.6632
23.

19.
20.
.3394
.1949

.9802
.1998
.7880
25.

.1658
.4033
25.
.0160

23.
.9504
26.
28.

5000

5620
7766

7021

0302

6749

6474
7536

N =

RN NN e

N NDNHRF WM N N

[ Sy

.7738
.0960
. 5046
.0581

.5398
.8676
.2864
.8606

.4964
.8483
.2924
.8795

.2043
.5674
.0269
.6382

.8955
.2677
.7419
3794

. 5596
.9393
L4277
.0943

.7578
.0908
.5638
.2249

.3690
.7145
.2070
.8996

.0671
.4202
.9259
.6433

.6942
.0545
.5747
.3232

.0013
.0048
.0148
.0438

.0011
.0043
.0139
.0427

.0001
. 0007
.0065
.0283

.0003
.0026
.0105
.0357

.0009
.0036
.0124
.0396

.0007
.0033
.0119
.0392

.0004
.0001
.0033
.0209

.0002
.0015
.0074
.0296

.0006
.0025
.0093
.0334

.0007
.0026
.0095
.0343

MOMMM MMMN MMM DDMMDN DNDMMN DMNDN NDNNN NDNMDNN DNDND MDD

. 7650
L7723
.7898
.8370

L7627
. 7689
.7851
.8305

7741
L1797
.7942
.8358

.7678
L7745
. 7907
.8355

.7646
L7710
.7873
.8329

. 7622
.7674
.7821
.8261

.7760
L7798
L7911
.8276

L7677
L7728
.7863
.8272

.7648
. 7698
.7835
.8255

.7637
.7668
L7793
.8204




Table IV Continued.

*3.18 6.50 6
3.18 7.03 6
3.18 7.88 6
3.18 9.31 6
3.92 6.50 6
3.92 7.03 6
3.92 7.88 6
3.92 9.31 6
4.53 6.50 6
4.53 7.30 6
4.53 7.88 6
4.53 9.31 6
5.25 6.50 6
5.25 7.30 6
5.25 7.88 6
5.25 9.31 6

*3,97 7.30 7

*3,97 8.18 7
3.97 9.05 7
3.97 10.58 7

*4 ,76 7.30 7
4.76 8.18 7
4.76 9.05 7
4.76 10.58 7
5.42 7.30 7
5.42 8.18 7
5.42 9.05 7
5.42 10.58 7
6.21 7.30 7
6.21 8.18 7
6.21 9.05 7
6.21 10.58 7

*4 ,67 8.35 8

*4 ,67 9.25 8
4.67 10.21 8
4 .67 11.88 8

*5.,60 8.35 8
5.60 9.25 8
5.60 10.21 8
5.60 11.88 8
*

/A—
3 < 0

24
25
27

27
28
30
32

29
30

34

28
30
32
34

32

33

37
33

33

39

41

.4438
.5682
.1466
29.

25.
27.
38.
30.

.4365
.95807
.2192
3777

.2801
.4632
32.
.4770

.5331
.4518
.0787
.2674

30.
.2783
33.
35.

31.
.6619
35.
.6706

L7205
35.
37.
39.

.0319
35.
36.
.2245

34.
36.
38.
.1698

1686

9744
1014
7000
7775

1776

1601
7209
9646
7241

3445

7159
4737
9474

01359
8317

9096
8851
7176

NN~ WNHRF W

WN == W WWNN N =

WNN K BRWNND N

.0544
.3616
.8330
. 5394

.6304
.9495
.4403
.1800

.2570
. 5843
.0901
.8594

.8031
.1379
.6597
.4653

.0693
. 5820
.0641
.8205

.6100
.2013
.6438
.4353

.2026
.7479
.2648
.0877

.7015
.2589
. 7924
.6544

.2797
.8018
.3317
.1509

. 7425
.2867
.8404
.7011

.0005
.0000
.0021
.0170

.0001
.0012
.0059
.0256

. 0007
.0023
.0081
.0302

.0008
.0025
.0084
.0314

.0013
.0000
.0016
.0152

.0000
.0013
.0051
.0235

.0002
.0021
.0073
.0283

.0003
.0024
.0079
.0300

.0020
.0001
.0010
.0134

.0000
. 0007
.0044
.0226

MMM MMMNDN MMM NNOMN MMM DNMMDN DN NDNMDN NNNN DNDNDN

L7776
.7808
.7902
.8234

.7688
L7732
.7849
.8228

.7652
. 7697
.7819
.8213

.7607
.7660
7774
.8159

7767
.7809
.7895
.8212

.7674
L7743
.7841
.8206

.7639
.7699
.7811
.8193

. 7587
.7664
7767
.8145

L7785
.7820
.7900
.8211

L7673
7728
.7835
.8203

45



Table IV Continued.

6.36 8.35
6.36 9.25
6.36 10.21
6.36 11.88
6.95 8.35
6.95 9.25
6.95 10.21
6.95 11.88
*5.,40 9.45
*5.40 10.29
5.40 11.40
5.40 12.90
*6 .42 9.45
6.42 10.29
6.42 11.40
6.42 12.90
7.20 9.45
7.20 10.29
7.20 11.40
7.20 12.90
7.98 9.45
7.98 10.29
7.98 11.40
7.98 12.90
*6 .33 10.56
*6 .33 11.38
6.33 12.65
6.33 14 .23
*7 .27 10.56
7.27 11.38
7.27 12.65
7.27 14.23
8.13 10.56
8.13 11.38
8.13 12.65
8.13 14.23
8.96 10.56
8.96 11.38
8.96 12.65
8.96 14.23
X
Mgy <O

46
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36.7024
38.6987
40.5734
43.1193

38.1824
40.2143
42 .1414
44.7921

37.7117
39.5771
41.6944
43.9004

39.7321
41.5854
43.7175
45.9725

41.5515
43.4196
45.5937
47 .9247

43.5029
45.4099
47.6568
50.1024

42.7690
44 .5889
47.0035
49.2895

44.6459
46.4558
48 .8858
51.2182

46.6439
48.4677
950.9463
53.3607

48.7189
50.5804
53.1420
55.6771

1.2733
1.8318
2.4036
3.3010

. 8999
1.4673
2.0519
2.9791

2.5016
2.9871
3.5979
4.3386

1.9173
2.4244
3.0637
3.8427

1.4379
1.9582
2.6176
3.4281

. 9449
1.4755
2.1533
2.9964

2.6204
3.0962
3.7963
4.5721

2.0798
2.5738
3.3022
4.1133

1.5523
2.0598
2.8125
3.6583

1.0282
1.5459
2.3201
3.2010

.0002
.0018
.0068
.0280

.0003
.0021
.0075
.0298

.0024
.0004
.0007
.0094

.0000
.0004
.0041
.0180

.0001
.0014
.0065
.0230

.0003
.0018
.0074
.0252

.0019
.0003
.0010
.0106

.0000
.0003
.0042
.0183

.0002
.0013
.0069
.0239

.0004
.0018
.0080
.0263

2.7623
2.7688
2.7802
2.8192

.7569
.7658
7773
.8164

.7806
.7831
L7911
.8151

.7693
L7732
.7841
.8132

.7683
L7702
.7813
.8121

.7863
L7707
L7787
.8090

.7784
.7813
.7906
.8161

.7679
7724
.7848
.8148

.7615
L7677
.7815
.8138

.7448
.7617
L7776
.8106

NNNDND NDNMN DNNON DNNDND NDNOND NDNNN NDNDMN NDNDNND DN N




TABLE V

Tables of s, 5 , /31 and Fz for N =10
and &= 2,3,4, and 5
N =10

a b X s o B, B2

.54 2.06 2 12 .6898 1.3480 .0009 2.8867

.54 2.45 2 14 .1965 1.6748 .0031 2.8911

.54 3.04 2 16.1353 2.1423 .0095 2.9022

.54 3.96 2 18.3931 2.7834 .0274 2.9311

.85 2.06 2 14 .2088 1.0875 .0014 2.8846

.85 2.45 2 15.7572 1.4233 .0039 2.8890

.85 3.04 2 17.7695 1.9060 .0106 2.9002

.85 3.96 2 20.1417 2.5733 .0290 2.9292
1.10 2.06 2 15.5314 .8682 .0014 2.8832
1.10 2.45 2 17.1294 1.2102 .0037 2.8873
1.10 3.04 2 19.2230 1.7045 .0103 2.8979
1.10 3.96 2 21.7177 2.3943 .0286 2.9261
1.40 2.06 2 17.1493 .5999 .0009 2.8818
1.40 2.45 2 18.8220 .9478 .0029 2.8851
1.40 3.04 2 21.0352 1.4551 .0089 2.8944
1.40 3.96 2 23.7080 2.1723 .0264 2.9210
1.07 3.12 3 20.9632 1.8054 .0000 2.8872
1.07 3.64 3 23.0737 2.2364 .0008 2.8905
1.07 4.33 3 25.4488 2.7776 . 0046 2.8986
1.07 5.37 3 28.1441 3.4990 .0170 2.9208
1.56 3.12 3 23.1533 1.4006 .0005 2.8838
1.56 3.64 3 25.2969 1.8472 .0021 2.8877
1.56 4,33 3 27.7400 2.4102 .0069 2.8966
1.56 5.37 3 30.5528 3.1662 .0209 2.9202
1.91 3.12 3 24 .9156 1.0943 .0007 2.8825
1.91 3.64 3 27.1094 1.5500 .0024 2.8862
1.91 4,33 3 29.6337 2.1278 .0074 2.8949
1.91 5.37 3 32.5741 2.9107 .0219 2.9185
2.28 3.12 3 26 .8508 .7634 .0005 2.8813
2.28 3.64 3 29.1198 1.2270 .0022 2.8845
2.28 4.33 3 31.7577 1.8193 .0070 2.8925
2.28 5.37 3 34.8712 2.6313 .0213 2.9153
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Table V Continued.

*1.80 4.20 4
1.80 4.80 4
1.80 5.60 4
1.80 6.80 4
2.30 4.20 4
2.30 4.80 4
2.30 5.60 4
2.30 6.80 4
2.80 4.20 4
2.80 4.80 4
2.80 5.60 4
2.80 6.80 4
3.33 4.20 4
3.33 4.80 4
3.33 5.60 4
3.33 6.80 4

*2 .46 5.29 5
2.46 5.86 5
2.46 6.71 5
2.46 8.05 5
3.13 5.29 5
3.13 5.86 5
3.13 6.71 5
3.13 8.05 5
3.62 5.29 5
3.62 5.86 5
3.62 6.71 5
3.62 8.05 5
4.21 5.29 5
4.21 5.86 5
4.21 6.71 5
4.21 8.05 5

*
My <0
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30.1492
32.6489
35.4771
38.6513

32.3235
34.8427
37.7247
41.0008

34.7817
37.3558
40.3360
43.7730

37.5239
40.1942
43.3263
47 .0000

39.1240
41.5532
44 .6789
48.3897

41.9605
44 .3996
47 .5759
51.4043

44.3317
46.8066
50.0604
54.0319

47 .3498
49.9008
53.2949
57.5071

2.1162
2.6139
3.2419
4.0723

1.7032
2.2166
2.8665
3.7310

1.2665
1.7928
2.4634
3.3650

.7915
1.3284
2.0191
2.9617

2.4859
2.9568
3.6258
4.5607

1.9360
2.4247
3.1212
4.1007

1.5091
2.0084
2.7236
3.7383

.9818
1.4913
2.2270
3.2855

.0000
.0004
.0033
.0142

.0002
.0013
.0052
.0179

.0004
.0018
.0062
.0198

.0004
.0017
.0059
.0196

.0002
.0000
.0017
.0104

.0001
.0008
.0037
.0148

.0003
.0012
. 0046
.0167

.0003
.0013
.0047
.0172

MMM DM MNMMDN DN DNDDN NDNNN DN DM

.8871
.8898
.8971
.9179

.8839
.8872
.8954
.9178

.8823
.8855
.8936
.9164

.8811
.8837
.8911
.9131

.8880
.8899
.8955
.9138

.8839
.8864
.8931
.9136

.8824
.8849
.8918
.9128

.8818
.8834
.8897
.9102




TABLE VI

Malhlhlac ~F P V) PR e P - 1rE
Lapnicd UL P acted y ™~ Fl allu F2 101 N = 19
and o= 1,2,3,4
a b A S o= Ry By
.11 .91 1 6.8584 .8804 .0051 2.9271
.11 1.20 1 8.3685 1.1836 .0094 2.9331
.11 1.60 1 10.1474 1.5787 .0174 2.9443
.22 .91 1 7.8845 .7624 .0038 2.9252
.22 1.20 1 9.4683 1.0700 .0076 2.9306
22 1.60 1 11.3418 1.4731 .01350 2.9409
22 2.40 1 14.1324 2.1810 .0363 2.9713
.37 .91 1 9.2373 .05994 .0023 2.9232
.37 1.20 1 10.9236 .9123 .00535 2.9276
.37 1.60 1 12.9299 1.3252 .0119 2.9366
.37 2.40 1 15.9462 2.0594 .0317 2.9646
.51 .91 1 10.4505 .4454 .0013 2.9217
.51 1.20 1 12.2345 .7624 .0038 2.9253
.01 1.60 1 14.3685 1.1836 .0094 2.9331
.51 2.40 1 17.6049 1.9411 .0276 2.9588
N = 15
.04 2.06 2 19.0348 1.6510 .0006 2.9244
.94 2.45 2 21.2947 2.0512 .0021 2.9274
.04 3.04 2 24,2030 2.6238 .0064 2.9348
.04 3.96 2 27.5897 3.4089 .0182 2.9541
.85 2.06 2 21.3133 1.3320 .0010 2.9230
.85 2.45 2 23.6359 1.7432 .0026 2.9260
.85 3.04 2 26.6543 2.3344 .0071 2.9334
.85 3.96 2 30.2126 3.1517 .0194 2.9528
1.10 2.06 2 23.2971 1.0634 .0009 2.9222
1.10 2.45 2 25.6940 1.4821 .0025 2.9249
1.10 3.04 2 28.8346 2.0876 .0069 2.9319
1.10 3.96 2 32.5766 2.9324 .0191 2.9507
1.40 2.06 2 25.7240 .7374 .0006 2.9212
1.40 2.45 2 28.2330 1.1609 .0019 2.9234
1.40 3.04 2 31.5527 1.7822 .0059 2.9296
1.40 3.96 2 35.5620 2.6605 .0176 2.9473
1.07 3.12 3 31.4448 2.2111 .0000 2.9248
1.07 3.64 3 34.6106 2.7390 .0006 2.9270
1.07 4.33 3 38.1733 3.4018 .0031 2.9324
1.07 5.37 3 42 .2162 4,2853 .0118 2.9472



Table VI Continued.

1.56 3.12
1.56 3.64
1.56 4.33
1.56 5.37
1.91 3.12
1.91 3.64
1.91 4.33
1.91 5.37
2.28 3.12
2.28 3.64
2.28 4.33
2.28 5.37
1.80 4.20
1.80 4.80
1.80 5.60
1.80 6.80
2.30 4.20
2.30 4.80
2.30 5.60
2.30 6.80
2.80 4.20
2.80 4.80
2.80 5.60
2.80 6.80
3.33 4.20
3.33 4.80
3.33 5.60
3.33 4.20

AR GR R R R R R R R R R R BRI WWWW WWWW WWWW

* /43 < 0

34.7299
37.94353
41.6099
45.8292

37.3734
40.6641
44.4505
48.8612

40.2762
43.6796
47.6365
52.3068

45.2239
48.9733
53.2157
57.9769

48.4853
52.2640
56.5871
61.5011

52.1726
56.0337
60.5040
65.6595

56.2859
60.2913
65.9895
70.5000

W WNN -

MW RWNN AOWWEN WN

W~

.7154
.2623
.9518
.8778

.3403
.8983
.6060
. 5648

.9350
.0027
.2282
.2227

. 0918
.2014
.9705
.9875

.0860
.7148
.5107
. 5695

.5511
.1957
.0170
.1213

.9693
.6269
.4729
.6274

.0003
.0014
.0046
.0139

. 0004
.0016
.0049
.0146

. 0004
.0014
.0046
.0142

.0000
.0002
.0022
.0094

.0001
. 0009
.0035
.0119

.0003
.0012
.0041
.0132

.0002
.0011
.0040
.0131

MDD DNNDND NDNDMDND DN NN NDNNNDN NDNMDNDN

.9226
.9251
.9311
.9468

.9217
.9241
.9299
. 9457

.9209
.9230
.9284
.9435

.9247
. 9266
.9314
. 9453

.9226
.9248
.9302
. 9452

.9215
. 9237
. 9291
.9443

.9207
.9225
.9274
.9420
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